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Two classes of coupled chemical equilibria 

(1) A + B ~ C  and B+D-c- -E ,  and 

5z ~a (2) A + B ~ C  and B + D ~ E + F  

have been studied by a combination of analytical and numerical mathematical  
techniques. Both equilibrium constants and/or one unknown initial concentra- 
tion ([D]0 =do) can be obtained simultaneously and with relatively high 
accuracy. In order to illustrate the usefulness of this procedure We determined 
some equil ibrium constants for donor-acceptor complex formation and proton 
transfer reactions in non-aqueous solvents. 

(Keywords: Chemical equilibria, coupled; Donor-acceptor complexes; Ma- 
thematical analysis of chemical equilibria; Proton-transfer equilibria) 

Ein mathematisch-analytischer A nsatz zum Studium von gekoppelten chemischen 
Gleichgewichten 

Es wurden zwei Typen von gekoppelten chemischen Gleichgewichten mit 
kombinierten analytischen und numerischen Methoden untersucht:  

5~ 5~ (1) A + B ~ C  und B + D ~ E  

(2) A + B ~ C  und B + D ~ E + F  

Beide Gleichgewichtskonstanten und/oder eine unbekannte Anfangskonzentra- 
tion ([D]o = do) kSnnen gleichzeitig mit groBer Genauigkeit erhalten werden. 
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Um den Nutzen dieses Verfahrens zu demonstrieren, wurden e~nige Gleich- 
gewiehtskonstanten ffir Donor-Acceptor-Komp_.lexe und Protonierungsreak- 
tionen in nichtw/it3rigen L6sungsmitteln bestimmt. 

1. Introduction 

The mathematical  techniques most frequently applied to the de- 
termination of equilibrium constants fall mainly into two categories: 
either, one tries to linearize the experimentally determined function of 
concentration variables by a suitable transformation 1 or one applies 
direct numerical simulation and obtains the constants by a curve 
fitting procedure 2. In the first example the mathematical  method used 
is simply linear regression. Both  techniques may suffer from certain 
shortcomings : linearization in general requires special conditions to be 
fulfilled and consequently the information contained in the experi- 
mental  data  which do not  meet these conditions is lost. Moreover, it 
may  be hard to sample enough data  in the linear range because of 
various experimental  difficulties and then the determination of the 
constants of interest inevitably becomes less accurate. Purely numeri- 
cal methods, on the other hand, usually suffer from the lack of insight 
into the mathematical  problem lying beyond parameter  fitting. Very 
often these techniques work properly in close vicinity of the ult imate 
solutions only. Parameter  fitting may lead to physically insignificant 
local minima in parameter  space. Usually, the determination of a single 
equilibrium constant does not  lead to serious problems, provided 
sufficiently accurate experimental  data  are accessible. Simultaneous 
determination of several equilibrium constants in coupled equilibria is 
not as simple 3. We made an a t t empt  to overcome these difficulties by 
performing a detailed analysis of the functional relations to be deter- 
mined by measurements prior to numerical computation.  In this paper 
we report  a s tudy on two classes of coupled association and exchange 
equilibria. 

2. Recording of Data, Initial Conditions and Mass Conservation 

Throughout  this paper we shall assume that  the free concentration 
of one component is accessible to some direct or indirect physical 
measurement.  In particular, this will be always the component denoted 
by A. For  free concentrations, more precisely activities, we shall use 
small letters : [A] = a. In the concrete examples which will be presented 
in the experimental  section the physical parameter  to be determined is 
the optical density. Hence, we require a certain range in the electronic 
spectra of our systems within which the absorption is practically due to 
a single component only. All the results presented here can be 
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general ized in a s t ra igh t - forward  w a y  to  sys tems in which more 
componen t s  absorb  at  the  same wavelengths .  

The t i t ra t ion  curves to  be ana lysed  yield the  free concent ra t ion  of  A 
as a funct ion  of  the  initial concentra t ions ,  a = f ( a  o, b 0 . . . .  ). I n  order  to 
make  this expression more  h a n d y  we have to  impose certain condit ions 
on the  initial concent ra t ions  in order  to ob ta in  a dependence  on a single 
input  pa r ame te r  only, e.g. a = f ( a 0 ) ;  b o = ~ a o . . . .  etc. This is no t  to be 
considered as a restr ict ion since we can change the  relat ions imposed on 
the  to ta l  concent ra t ions  in a sys temat ic  w a y  and the reby  derive two 
and higher dimensional surfaces as families of curves with gradually 
changing  parameters .  

Mass conservat ion  leads to  some relat ions between variables in bo th  
sys tems to be s tudied here:  

and  (2) 

(1) A + B ~ - C ,  B + D ~ E  

a + c = a 0 + c o ( la)  
b + c + e = b 0 + c 0 + e 0  ( lb)  
d + e  = d 0 + e  0 (lc) 

A + B ~ - C ,  B + D ~ - E + F  

a + c  = a o  +CO (2a) 
b + c + e = b o + c o + e o  (2b) 
d + f = d o  + fo  (2c) 
e - - f  = eo- - fo  (2d) 

I n  order  to facil i tate 
concent ra t ions  equal to zero and f ind:  

(1) c 0 = e 0 = 0 :  a + c  = a o  
b + c + e = b  o 

d + e  = d  o 

or (2) c 0 = e 0 = f o = 0 :  a + c  = a o  
b + c + e = b  o 

d+f  =do 
e = f  

fur ther  t r e a t m e n t  we m a y  choose some initial 

( la ' )  
(lb') 
( lc ' )  

(2a') 
(2b') 
(2c') 
(2d') 

I n  the  first example  we do no t  lose a ny  general i ty  whereas in the 
la t ter  case we exclude all initial condi t ions  for which e 0 # re .  I n  the kind 
of  t i t r a t ion  curve to be s tudied later  we shall fu r ther  assume t h a t  one 
initial concent ra t ion ,  in par t icu lar  do, is cons tan t  for each individual  
curve : 

a = f (ao, bo, do) ; bo = ~ ao, do = const .  
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3. Mathematical Analysis 

A p p r o p r i a t e l y  we ana lyse  the  equa t i ons  for t he  coupled  equ i l ib r i a  
(1) a n d  (2) s e p e r a t e l y  a n d  s t a r t  w i th  t he  more  s imple  example .  

A. The System A + B ~ C, C + D ~-- E 

F r o m  the  r e l a t ions  d e t e r m i n e d  b y  the  two equ i l i b r ium cons t an t s  

a n d  

[C] c 
K1 - -  - (3) 

[A]-[B]  ~'b 

[E] e 
K2 . . . .  (4), 

[C] �9 [DJ c'd 

t he  mass  conse rva t i on  laws as well  as t he  in i t i a l  cond i t ions  
(a 0, b 0 = ~ a o, c o = 0, do = const ,  eo = 0) d i scussed  a b o v e  we can eas i ly  
de r ive  an  imp l i c i t  e q u a t i o n  for t he  equ i l i b r i um c o n c e n t r a t i o n  a :  

F (a, ao) =a3 + (m4 + msao)a2 + (m2 + ml ao)aoa + moao2=O (5) 

where in  

K2 
m o -- (5a) 

K1 ( K 2 - - K 1 )  

/;2 
m 1 -- - -  ( 1 - - ~ )  (Sb) 

K 2 - -  K 1 

K1--2K2 + K1K2do 
m2 = (5c) 

K I  (/(2 K1) 

K2 
~ = ~ - -  1 (5d) 

K1 ( K 2 - - K 1 )  

1 (1 K1K2d~ 
a n d  m4 = Kll \ K2--K~-~/ (se) 

A l t h o u g h  n o b o d y  has  succeeded  so far  to  o b t a i n  so lu t ion  curves  of  
e q u a t i o n  (5) in a lgebra i c  form,  we m a y  f ind  answers  to  ce r t a in  p r o b l e m s  
as  a n a l y t i c  express ions .  A n  i m p o r t a n t  e x a m p l e  of  th is  k i n d  which  will  
be d iscussed  in some de ta i l  here,  concerns  the  a p p e a r a n c e  of  a 
m a x i m u m  in t he  p lo t  a = f ( a o ) .  The  pos i t i on  of  such a m a x i m u m  which  
m a y  he d e t e r m i n e d  e x p e r i m e n t i c a l l y  w i th  r a t h e r  h igh  precis ion,  can be 
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de r i ved  f rom e q u a t i o n  (5) b y  imp l i c i t  d i f f e r en t i a t i on :  

m~a 2 + (n~2 + 2 m l a o ) a  + 2moao 

3 a  2 + 2 (m 4 + n% ao) a + (m 2 + ml ao) a 0 
(6) 

~: 0 and  A t  the  m~ximurn ,  (5o, 67), we f ind  5o = 0 p r o v i d e d  ~aa  a0 

consequen t l y  o b t a i n  fu r the r :  

(n~3 5 + m2) 67 
ao - (7) 

2 (ml 5 + too) 

Combin ing  equa t i ons  (5) and  (7) we f ind  an  express ion  for  67 which  
u l t i m a t e l y  m a y  be s impl i f ied  to  a q u a d r a t i c  e q u a t i o n :  

where in  

1 
671,2 = V- (hi ~- ~/bl  2 - - b o  b2 ) (8) 

02 

b o = rr~z2 - - 4  mo m4, (8a) 

a n d  
bl = 2 m o +  2 m 1 m 4 - - r n  2 rr~ 

5 2 = ~/3 2 - -  4 ~1 

(8b) 

(Sc) 

The  fu r the r  cond i t i on  which  d e t e r m i n e s  the  e x t r e m u m  to be a max i -  
m u m  s imp ly  fol lows f rom 

7 f-< < o (9) 

and  r eads  : 

2 (ml 5 + too) 
> 0 (9a) 

3 a -2 + 2 (m a + m 3 5o) 5 + (m 2 + 9?'L1 670) 670 
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The funct ional  relat ions fulfilled by  the m a x i m u m  and the con- 
dit ions of  its appearance  will be discussed later  by  means  of  concrete 
examples.  

B. The Sy s t em  A + B ~ C, B + D ~ -  E + F 

Again  we s ta r t  f rom the two equi l ibr ium cons tants  

and  

C 

e.f 
K2 = b ' e  

Now we in t roduce  initial condit ions (bo = ~ao, Co = 0 ,  do = const.,  
eo =f0  = 0 )  and the mass conservat ion  relat ions as in the previous 
example  and find the  following implicit  equat ions  for the equil ibrium 
concent ra t ion  a : 

F (a, ao) : a 4 ~- (m 6 -~ m7 ao) a3 -[- (m3 -t- m4 ao -t- m5 %2) a2 -t- ( ~  -t- m2 ao)ao a + ~)0~ 2 : 

(10) = 0  

wherein 

mo= K (K- - •  (10a) 

ml : ( 1 - - ~ ) ( 2 K - - •  (10b) 

z~ = - -  [2 K2 + ( d o - - 2  K)  • (10c) 

m3 = (1- -  ~)~ (10d) 

m 4 : ( ~ - - 2 ) ( 2 K - - •  ~ ( 1 0 e )  

m5 = K~ + ( d o - - K ) •  (i0f) 

m6 = 2 ( ~ - -  1) ( t0g) 

m7 = 2 K - - •  (10h) 

Fo r  convenience we use K = K1-1 and • = Ke/K1.  Apparen t l y  equa t ion  
(10) is somewha t  more  complicated t h a n  the implicit  equa t ion  of  the 
former  sys tem (9), since the degree of  the polynomia l  in a is higher and  
eight  coefficients instead of  five are required. 
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The appearance  of a m a x i m u m  in the  p lot  a = f ( % )  can be ana lysed  
b y  means  of impl ic i t  d i f fe ren t ia t ion  as before. 

m7 a 3 + (m4 + 2m5%) a 2 + (m 1 + 2m9.%) a + 2 n ~ %  

4 a  3 + 3 (m6 + ~ % ) a  2 + 2 (m 3 + ~$4a0 -~ ~n5 a02) a -~- W?~I a 0 -F ~ao2 
(11) 

/ 
/ 

E i 

I I -  
O' 5.10 .3 "i .10 -3 

ao (mole / l  ) 

Fig. 1. Typical graphs of the function F (5, ao) according to equation (7) and (8) 
at various concentrations d o. The broken line shows the graph of the maxima of 
F(a, ao;do). Following parameters have been used: Kz -- 8.55.1031/mol, 
K 2 = 8.40" 104 l/mol, ~ = 5.07, d o -- 1' 10 -4, 6" 10 -4, 1.1' 10 s 1.6" 10 3 

2.1- 10 -u tool/1 

wherein  

At  the e x t r e m u m  (50, 5) of the  func t ion  a = f ( % )  we f ind:  

(mva 2 + m45" + ml) c~ 
~o = (12) 

2(m5 a-2 + m25 + m0) 

Now we inser t  eq. (12) in to  eq. (10). Due  to cancel la t ion of t e rms  the 
coefficients of 5. 4 and  a -3 van i sh  and  the  f inal  resul t  is ob ta ined  as a root  
of a quadra t i c  equa t ion :  

1 
5.1,  _+ (13) 

b0 = ~ ~ rib3 ml 2 (13a) 

bl = ml m4 - -  2 m0 mG - -  2 m.~ ~v~ ( 13 b) 

16 Mon~tshefte for Chemie: Vol. 111/1 
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/ 

E A 

1," 

I I "  

0'5.10 -3 1.10 -3 
ao(m0le/[ ) 

/ 
/ 

E 

t 

I I -  

0"5.1 0 ~3 1.1 0 -3 
ao(mole/I) 

Fig. 2. Typica l  g raphs  of the  func t ion  F (c7, ao) according to equa t ion  (12) and  
(13) a t  var ious  concen t ra t ions  d o . The  b roken  lines show the  g raphs  of 
t he  m a x i m a  of F ( a ,  ao;do). Fol lowing p a r a m e t e r s  h~ve beeen used:  
A K 1 = 2 . 6 0 "  10al/mol, K~--0 .413 ,  ~ = 1.67, do = 5 "  10 -4, 1.1" 10 -a, 2.1- 10 -3 , 
3 . l"  10 -3, 4.1" 10-3 mol/1; B K1 = 2 . 6 0 '  1051/mol, K~ = 4 . 2 0 ,  ~ = 1.80, 

do = 1" 10 -3, 6" 10 -3, 1.1- 10 -2, 1.6" 10 3, 2.1- 10 -3 tool/1 

a n d  b 2 = 4 ~ -t- 4 m 2 m 6 + 4 m 3 m 5 - -  ma u - -  2 m 1 m7 (13 c) 

A g a i n  w e  m ~ y  us e  eq.  (9) t o  d e c i d e  w h e t h e r  t h e  e x t r e m u m  is a 

m a , x i m u m  or  n o t .  
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C. Evaluation of Equilibrium Constants 

Equations (7) and (8) or (12) and (13) respectively may be used to 
determine the equilibrium constants K1 and K 2. The position of the 
maximum of F (a, ao)= 0 depends charaeteristicly on the initial con- 
centration do. Typical examples of curves {c~ (do) , 5o (do) } are shown in 
Figs. 1 and 2. These curves as well as the entire system of graphs 
F (a, a0; do)= 0 may be used to fit values of both constants simuL 
taneously. The accuracy obtained thereby is very satisfactory as we 
shall see in the next  section. 

Alternatively, one may also keep do constant  and vary  the coef- 
ficient ~; this procedure again results in a characteristic curve {5 (~), 

~0 (~)}. 
Finally, the graphs shown in Figs. 1 or 2 may  be used also to 

determine do and K2 simultaneously provided the equilibrium constant 
K 1 is known from an independent measurement.  This procedure turned 
out to be useful for the determinat ion of impurities (see section 4B). 

4. Experimental Examples 

In order to test  the usefulness of the relations derived in the 
preceding section we studied two types of coupled equilibria by 
recording curves as shown in Figs. 1 and 2, and determined the 
equilibrium constants from them. 

A. Competitive Nucleophilic Addition 

Kinetic and equilibrium studies on the nucleophilic addition of 
amines to electrophilic carbon-carbon double bonds were reported 
previously4. We may use systems of this type as a proper test case for 
coupled equilibria of our class (1): A + B ~ C ,  B + D ~ - E ;  A and D are 
two acceptor molecules which compete for a base B. C and E are the 
corresponding addition-complexes. In Fig. 3 we summarize the struc- 
tures of all four compounds used in our study. Aeetonitrile was applied 
as solvent. 

The curve-fit of the experimental  points is shown in  Fig. 4 and the 
numerical values are presented in Table 1. These simultaneously 
determined values compare favourably with those measured inde- 
pendent ly  for the (uncoupled) single step equilibria A + B ~ C  and 
B + D ~- E respectively. 

B. Proton Transfer Equilibria 

Coupled equilibria of class (2), A + B ~ C ,  B + D ~ E + F  were 
studied by means of the concrete system summarized in Fig. 5. B and F 

16" 
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c o - - o ,  F"3 N~ / \ /  
/% . 

C 0 - - 0  CH 3 

A = pCH30- BMS B= PIP 

C0 -�84 ~.~-o-~-X,-c.-c/~ o\~/c.~ 
~-~1_ ~o /\c.~ 

G o  
c o - - o ,  c .3  

C O - -  0 CH 3 
D=BMS 

_. \co / \cH 3 

E 

Fig. 3. Compounds used in testing equations (7) and (8) of the system 
A + B ~ - C ,  B + D ~ E  

I Ip  

0"5,10 -3 1,10 "3 
ao( mote/t ) 

Fig. 4. Experimental points determined for thesystem shown in Fig. 3 with the 
curve-fit. The parameters used are the same as in Fig. 1. do = 1.03" 10 3 mol/1 
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C O - -  NCH 3 H 

A = BBS B = PiP 

CO--N.CH3 

7~__ H C O - -  NC. 3 

C E = PIPH + 

CH3 CH2~ ~) CH3CH2 ~ 

CH 3CH 2-NH CH 3 CH 2 - "  

CH 3 CH2//  ca 3 CN2/" 

D= TEAH @ F= TEA 

/ 
D'= CHINH + F'= CHIN 

Fig. 5. Compounds used in testing equation (12) and (13) of the system 
A + B ~ - C ,  B + D ~ E + F  

Table 1. Typical results of the fitting procedure of equation (7) and (8) to 
experimental values, p-CH30-BMS/BMS/PI P, solvent : acetonitrile 

K 1 (I/tool) K 2 (l/tool) do (tool/l) 

8.55" 103 8.40 104 1.03' 10 -3 5.08 
8.90" 10 a 7.93" 104 1.03" 10 -a 4.06 
8.46" 10 a 7.45" 104 1.03" 10 -a 5.08 
8.4 - 10 ~* 7.4 " 104" 

* Independently determined 4. 

r ep re sen t  two amines  which  c o m p e t e  for t he  p r o t o n s  in solu t ion .  The  
p r o c e d u r e  m a y  be app l i ed  qu i t e  gene ra l l y  to  d e t e r m i n e  r e l a t i ve  p r o t o n  
affinities of amines  wi th  only one res t r ic t ion:  F mus t  not  react  wi th  A 
( A + F ~ G )  to an  a p p r e c i a b l e  ex ten t .  This  cond i t i on  is fulf i l led b y  
t e r t i a r y  amines  in aee ton i t r i l e .  The  equ i l i b r i um c o n s t a n t s  for complex  
f o r m a t i o n  of  BBS  wi th  t e r t i a r y  amines  are  a b o u t  four  orders  of  
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1,- 

A 

0"5.10 -3 1 .I0 -3 
ao(mole]l)  

0.5. ~ B 

I I -  

0,5,16 3 1,10 -3 
ao(rnole/i) 

Fig. 6. Experimental points determined for the systems shown in Fig. 5 with the 
curve-fits. The parameters used are the same as in Fig. 2. A d o = 1' 10 ~; 

B do = 6- 10 3 mol/1 

m a g n i t u d e  smaller t han  with piperidine ( P I P )  applied as amine B. The 
coupled react ion scheme a t  equi l ibr ium 

A+B~.-~C,  B + D ~ E + F  and A + F ~ - G ,  

wherein G is the  addi t ion  complex of  the  t e r t i a ry  amine and B B S ,  is 
app rox ima ted  ve ry  well by  the  first two react ion steps exeept  in the 



Coupled Chemical Equilibria 247 

Table 2. Typical results of the fitting procedure of equation (12) and (13) to 
experimental values, solvent: acetonitrile 

A: BBS/TEAH+/PIP 

K1 (l/tool) K~ do (mol/1) 

2.6- 105 0.50 3" 10 -3 2.33 
2.6' 105 0.41 1' 10 -3 1.67 
2.6" 105 0.51 1" 10 -3 2.33 

B: BBS/CHINH+/PIP 

K~ (l/tool) Kz do (mol/1) 

2.6- 105 5.3 5" 10 -3 2.16 
2.6" 105 4.4 3:10 -3 1.80 
2.6. 105 4.4 6.10 -3 1.80 

range of vanishing concentrat ion of the secondary amine B = P I P  (lim 
b0 -* 0 what  means lim ao ~ 0 according to the experimental  conditions 
chosen). 

The experimental  points were fi t ted numerical ly to the correspond- 
ing functions F (a, a0)= 0 (Fig. 6). The results obtained are shown in 
Table  2. The technique reported allows direct measurements  of relative 
acidities of amines in aprotie solvents. In  aeetonitrile we find the 
following decrease in basicity: T E A  > P I P  > CHIN.  

Competi t ive equilibria of this kind came to our a t tent ion first as a 
disturbance by  impurities during our studies on nueleophilic addition 
to carbon-carbon double bonds in acetonitrile 4. The impur i ty  actually 
resulted from Hoffmann type  elimination taking place in small but  not  
negligible amount  on recrystMlisation of quaternary,  namely te t ra-  
ethyl- and te t ra  n-butyl- ,  ammonium salts f rom ethanol. This impur i ty  
then led to unexpected effects when the ammonium salts were added to 
solutions of B M S  or B B S  and piperidine in aeetonitrile in order to 
obtain a current  conducting medium. 

5. Conclusion 

Two handy equations were derived from competi t ive equilibria 
which facilitate the analysis of non-linear plots of experimental  data.  
The non-lineari ty of the curves to be discussed offers the advantage  
tha t  more information is contained in them than  would be in straight  
lines. Therefore, the equilibrium constants  can be determined simul- 
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t aneous ly  and,  as the  exper imenta l  da t a  show, with appreciable 
accuracy.  

The analysis  of  coupled equilibria in solution seems to p rovoke  
renewed interest  at  present.  The ref inement  of  exper imenta l  techniques 
allows to s t u d y  mult iple step react ions by  flow and re laxat ion me- 
thods  a, 8, and  for these studies a detai led knowledge of  the under ly ing  
coupled equilibria is indispensable.  We hope t h a t  the kind of  analysis 
we propose here m a y  serve proper ly  for this purpose.  

6. Materials and Recording of Experimental Data 

Benzylidene-Meldrum's acid (BMS, Fig. 3), p-methoxy-benzylidene-Mel- 
drum's acid (p-CH~O-BMS) and benzylidene-N,iY'-dimethyl barbituric acid 
(BBS, Fig. 5) were prepared and purified according to procedures described in 
the literature 7, s. 

Piperidine and triethylamine were freshly distilled from CaN2 under 
nitrogen atmosphere. The tertiary ammonium salt was prepared by protona- 
tion of the correponding amine with gaseous hydrochloric acid in methanol. 
Quinuclidinehydrochloride was a commercial product. Both salts were re- 
crystallized from ethanol. 

Acetonitrile was a high-purity commercial product (Merck, Uvasol). We 
used it without further purification. 

Solutions of p-CHsO-BMS, BBS and piperidine as well as BBS, piperidine 
and triethylammonium or quinuclidinium chloride in acetonitrile were prepared 
and their extinctions at 390nm and 320nm respectively were recorded on a 
Zeiss PMQII  spectrophotometer. The temperature (25~ was controlled 
directly in the sample cell. 

The processing of data was performed on the CDC-Cyber 73 computer of the 
Interuniversit~ires Rechenzentrum, University of Vienna, using standard curve 
fitting programs (MINUIT). 
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